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Abstract 
Sabidussi, G., Correspondence between Sylvester, Petersen, Hilbert and Klein on invariants 
and the factorisation of graphs 1889-1891, Discrete Mathematics 100 (1992) 99-155. 
A collection of 47 letters shedding some light on the background and origin of Petersen’s 
famous paper on graph factorisation, and on his abortive collaboration with James Joseph 
Sylvester. 
1. Introduction 
A hundred years ago, the Danish mathematician Julius Petersen wrote what is 
generally considered to be the first major graph-theoretical paper, not only in 
size but also in significance. Die Theorie der reguliiren graphs appeared in 
October 1891 in vol. 15 of Acfa Mathemafica.’ Beyond a favourable review in the 
Jahrbuch iiber die Fortschritte der Mathematik’ it had no impact at the time of its 
publication. More than forty years were to elapse before its importance was 
recognised by D&es Kijnig who, in 1936, devoted an entire chapter of his book 
on graph theory to it.3 From then on, till about twenty years ago, it occupied a 
place of prominence in the graph-theoretical iterature. Through Kiinig’s book, 
the name Petersen has become synonymous with graph factorisation. Less well 
known is that Petersen’s paper established some of the basic graph-theoretical 
concepts and terminology in the form in which they are still used today. 
The paper is remarkable not only for its content but also for the way in which 
it came into being. It is fortunate that the circumstances which led Petersen to 
write it, and some of the phases through which it evolved, can be traced through 
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a number of letters which have been preserved in the Royal Library, Copen- 
hagen, and the University Library, Gottingen, as part of the Petersen papers, 
and the ‘Nachlass’ of Klein and Hilbert, respectively. These letters are assembled 
in the present collection. 
Petersen is the sole author of the paper as it was finally written. Yet it owes its 
existence to a curious mixture of joint and separate efforts by two mathe- 
maticians, coming close to being one of the earliest specimens of the then almost 
unknown species of joint paper. In his Introduction, Petersen relates that J.J. 
Sylvester attacked the problem of graph factorisation concurrently with himself, 
and that they frequently corresponded with each other on the subject. He 
acknowledges the great importance of Sylvester’s influence: “Although we searched 
for an answer to the question in entirely different ways, I owe his messages a 
stimulation without which I should long ago have become tired of the great 
difficulties which arise at every step”. He carefully preserved all of Sylvester’s 
messages. Sylvester apparently did not do the same: Petersen’s letters to him 
have not survived. 
Petersen’s paper was written against the background of one of the great 
achievements of late 19th century mathematics: Hilbert’s proof of the Finite Basis 
Theorem (1890). The controversy which this proof engendered is a well-known 
episode of mathematical history. Not so well known is the fact that Hilbert 
preceded his great paper of 1890 by another, much shorter one, containing a 
proof of the Finite Basis Theorem for the special case of invariants of binary 
forms.4 This proof created much interest and admiration among invariant 
theorists without being in the least controversial; a variation of it, claiming to be a 
substantial simplification, was published shortly afterwards by Cayley.’ These two 
papers, by Cayley and Hilbert, lie at the origin of Petersen’s work. 
Cayley’s proof was wrong, a fact which was recognised both by the referees of 
the paper (Hilbert and Gordan) and by Klein to whom Cayley had submitted the 
paper for publication in the Mathematische Annalen. At Cayley’s insistence it was 
published nevertheless. The ‘improvement’ which Cayley thought he had 
obtained-and which indeed would have shortened the proof considerably- 
consisted of eliminating a system of diophantine equations which plays a central 
role in Hilbert’s argument. 
Not being overly fond of keeping up with the literature, Petersen had read 
neither Hilbert’s paper nor Cayley’s. He was told about Cayley’s proof by 
Sylvester who paid a short visit to Copenhagen in the middle of September, 1889. 
Petersen immediately noticed Cayley’s mistake and explained it to his astonished 
visitor. After Sylvester had returned to Oxford, both he and Petersen checked 
Hilbert’s proof to see whether it was similarly flawed (it was not). Both focused 
their attention on Hilbert’s diophantine equations-the key point which Cayley 
had sought to avoid-and both were led to the same problem: to determine the 
so-called ground-solutions of these equations of which all other solutions are 
linear combination@ (interestingly enough, Hilbert himself had not bothered to 
consider this question). Petersen’s and Sylvester’s collaboration dates from that 
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moment. It was at first enthusiastic, had its ups and downs, even spawned 
recriminations, and finally faltered after having lasted barely more than three 
months. Sylvester and Petersen remained on distant but friendly terms. 
The reasons why this joint work did not result in a joint paper are complex. 
There was a good deal of feedback between the two mathematicians but from the 
very beginning each had developed his own distinctive approach and attached 
considerable importance to it. Neither, it seems, really wanted a joint paper. At 
one point, Sylvester proposed what amounted to two parallel papers under a 
single title. This idea was abandoned in favour of two separate papers (Sylvester 
first, to be followed by Petersen), both to appear in the Mathematixhe Annalen. 
Klein was informed of this project in December, 1889, but it also came to nought, 
the main reason being that Sylvester, while prolific in formulating conjectures, 
failed to prove any of them. During the first half of 1890 Sylvester was, as he says 
himself, “incapacitated for all mathematical work of investigation by the trouble 
in my eyes and certain causes of mental inquietude”, and never seems to have 
considered invariant-theoretical or graph-theoretical questions again. His failure 
in the race with Petersen may well have contributed to his despondent state. The 
difference in age-he was 75, Petersen only %-certainly did not work in his 
favour . 
Throughout the spring and summer of 1890 Petersen pushed ahead with his 
paper, finding the going tougher than he had expected, and after exactly one year 
of work, submitted it in October to Acta Mathematics. Perhaps he felt 
embarrassed that he and Sylvester had defaulted on their promised papers for the 
Annalen earlier that year, and did not want to bother Klein again. Besides, being 
a member of the Editorial Board of Acta, he may have hoped for speedy 
publication. 
The correspondence which took place at the time, and which has survived to a 
considerable extent, consists basically of two strands: (1) the exchange between 
Klein and Hilbert about the unfortunate paper of Cayley (as well as Hilbert’s own 
work on the Finite Basis Theorem), and subsequently about Sylvester’s and 
Petersen’s contributions to this subject; and (2) the letters between Petersen and 
Sylvester, also starting with Cayley’s paper, but very quickly shifting to graph 
factorisation. The two strands being closely intertwined, we present them 
together in chronological order. The lion’s share (34 items out of a total of 47) is 
provided by Sylvester for whom writing letters was a form of thinking out loud. 
All his letters (27 to Petersen, 7 to Klein) fall into the interval from 23 Sep. 1889 
to 21 Jan. 1890, with a straggler written five months later. Regrettably, none of 
the letters written to Sylvester during that period seem to have survived. A search 
at St John’s College, Cambridge, which holds nearly all of Sylvester’s papers from 
the later years of his life, was unsuccessful. Among the disappeared letters are at 
least eight from Petersen which are acknowledged or otherwise mentioned by 
Sylvester, in some cases with a fair indication of their content. 
Sylvester’s output is presented here in full. On the other hand, we have 
included only those letters between Klein and Hilbert which have some relation 
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to the work of Petersen and Sylvester. From two of them (letters [37] and [38]), 
substantial portions (dealing with Klein’s work on abelian functions) have been 
omitted as they have no bearing on the subject at hand. 
Klein, Hilbert and Petersen wrote in German, Sylvester in English and French. 
The German letters are presented in translation, as they are very much in 19th 
century style, especially those of Hilbert. Typically German forms of address, 
such as ‘Hochgeehrter Herr Professor’, which have no equivalent in English, 
were left in German. 
The transcription of Sylvester’s letters was not the most pleasant of tasks, his 
handwriting ranging from bad to near illegible (he calls it ‘crabbed’). His eye 
troubles are in part to blame. A few (unimportant) words have resisted 
decipherment, a few others have been transcribed by plausible guesses. The 
former are indicated in the text. Crossed-out words or sentences-numerous in 
the originals-have been included in the transcription only when they contain 
genuine information. Parentheses have been added to mathematical expressions 
wherever they were missing. 
Sources. The Petersen papers are preserved in the Manuscript Collection of the 
Kongelige Bibliotek in Copenhagen, call number: Ny kgl. Saml. 3259 4”, 
I(A-N), 11(0-Z), Breve fil Julius Petersen. Altogether there are 30 items of 
correspondence from Sylvester. Two were written in 1879 when Sylvester was at 
Johns Hopkins University and concern some matters arising from Petersen’s book 
Theorie der algebra&hen Gleichungen, unrelated to graph theory. Then follow 
the 27 letters reproduced here; finally there is a short note dating from 1896 when 
Petersen was visiting Cambridge. 
All other letters reproduced in this collection or quoted in the notes come from 
the Manuscript Division of the Niedersgchsische Staats- u. Universittitsbibliothek 
Gsttingen. The call numbers are: MS Hilbert 57 [Cayley], 179 (13, 19-21) 
[Klein], 278 (l-2) [Netto], 302 [Petersen]; and MS Klein 8 (384) [Cayley], 9 (459) 
[Gordan], 9 (768, 771-773) [Hilbert], 11 (198-200) [Petersen], 11 (1333-1340) 
[Sylvester]. 
The German originals of the letters between Klein and Hilbert included here 
have been published in Der Briefwechsel David Hilbert-Felix Klein 1886-1918. 
Mit Anmerkungen herausgegeben von Giinther Frei (Vandenhoeck und Ru- 
precht, Gijttingen 1985), where they bear the numbers 41-42 and 47-52. Their 
translation appears here with the kind permission of the editor. 
2. The letters 
[l] Klein to Hilbect 
[Original in German] 
Gijttingen 2412 1889 
Lieber Herr Doctor! 
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Gordan having fully 
Hilbert to Klein 
[Original in German] 
Hochgeehrter Herr Professor. 
Kiinigsberg 27 February 1889 
After much reflection I have convinced myself that it is better that I leave the 
refutation of Cayley’s note to someone else, all the more so as Cayley does not 
attack me in the least; indeed, in the four detailed letters he has written to rne,l’ 
he shows me the greatest kindness. Also, I believe that Cayley did not keep a 
copy of his manuscript so that he no longer really knows what is in it. As soon as 
he has the printed text before him, he will see himself that he went wrong. Should 
this fail to happen and should nobody else clear up the error, then the best 
occasion for correction arises when I myself publish something new on the 
subject. Lindemann also has counseled strongly against a reply in the form 
suggested in your letter and Hurwitz” likewise approves of my attitude of wait 
and see. 
Cayley’s publication has at least the merit that it shows the attentive reader 
why every step in my proof is necessary. 
It was a great pleasure to learn that you would like to have an extended 
version of my two Gottingen notes for the Annalen. These notes will certainly 
cost me some effort; moreover, I intend to meet with Gordan in Leipzig in the 
middle of March so that I will not be able to do much work during the Easter 
vacation. Unfortunately it will not be possible to extend my journey beyond 
Leipzig. Perhaps next year I may be able to realise bigger travel plans. 
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Asking you sincerely not to be vexed about my decision in the matter of 
Cayley motivated above, 
Most respectfully Yours, 
David Hilbert 
[3] Klein to Hilbert 
[Postcard; original in German] 
Giittingen 1 Sept. 89 
L[ieber]. Hr. Dr. I found that in England there is a very great interest in your 
papers. In particular, Major MacMahon” (R. Artillery School, Woolwich) is 
asking that you send him a copy of your notes in the Gottinger Nachrichten, and 
if possible that you write him explaining the nature of the mistake in Cayley’s 
approach. Another man whom you should get in touch with is the personal 
secretary of Sylvester, Mr. Hammond13 (Buckhurst Hill, Essex). 
With best regards, yours 
Felix Klein 
[4] Petersen to Klein 
[Original in German] 
[Stationary of the Teaching Inspectorate for the Learned Schools’4] 
Dear Colleague, 
Copenhagen, Vesterbrogade 84.3 
20 October [?] 1889l’ 
In the second issue of volume 34 of the ‘Math. Annalen’ there is a proof by 
Cayley for the finiteness 
form. I cannot but notice 
If the groundform is 
n 
fzoxx” + - a&-‘y 
1 
of the number of semi-invariants of a binary ground- 
that this proof is wrong. 
+... 
and xi, x2, . . . , x, its roots16 upon setting the form equal to nought and y = 1, 
Cayley starts from the observation that a semi-invariant can be written as a 
symmetric function of a&, -x2), &x1 -x3), etc. This is , however, only true if 
the degree of the semi-invariant (in a,, a,, u2, . . .) coincides with its weight (sum 
of the indices); because one easily sees that the degree in a0 must equal the 
degree, while the degree in x1, x2, x3, . . . equals the weight. Thus, for example, 
for the semi-invariant 
H = uou’4 - 4qa3 + 34 
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we have 
_-,--4Q’a’+3 az H a4 
aX a0 a0 a0 ( > 
2 
a0 
=x1x2x3x4 - 4(x1 + x2 +x3 +x4)( > + 3( )” 
= a symmetric function of degree 4 of the differences of the roots, 
i.e., H = a$((xl -x2)4 + . . * or something similar). By the difference equation one 
may, however, only lower the exponents of expressions of the form [ao(xl - x2)]” 
without introducing fractional expressions having powers of a, in the de- 
nominator. The proof is therefore only valid in the case where degree and weight 
are of equal size, and for this case one easily sees that all semi-invariants may be 
expressed (in entire form) in terms of it - 1 of them. 
I do not know whether Herr Hilbert has the same mistake; I cannot get his 
paper before next week” but I wanted to send you these remarks in the 
meantime. 
With many regards 
Very truly yours 
[5] Klein to Petersen 
[Original in German] 
Dear Colleague, 
to all friends in Gijttingen, 
Julius Petersen 
Giittingen 2319 1889 
(Wilhelm-Weberstrasse 12) 
Here is what lies behind this matter: When I received the manuscript from 
Cayley, I sent it to Hilbert, being myself unfamiliar with these investigations. 
Hilbert also immediately spotted the error that you had found fault with. We then 
had a long correspondence with Cayley but were unable to convince him of the 
incorrectness of his approach. On the contrary, Cayley insisted that the thing 
should be printed: He would, however, have no objection if we were to publish a 
rejoinder. Hilbert, whom I asked to do so, preferred not to write one because of 
a certain feeling of modesty: he thought it would create a better impression if the 
error could be pointed out and discussed by someone else. I recently spoke with 
Cayley and he assured me repeatedly that it would not be “against his feelings” 
[English in the original] if anything were published in the Annalen to counter the 
arguments in his paper. 
So it is clear what I should like to ask you. Could you write a shorter or longer 
note (or a letter to the Editor, as you please) in which you discuss the incorrectness 
of Cayley’s approach*--acknowledging Hilbert’s proof in vol. 33 of the Annalen 
and in the Giittinger Nachrichten 1888 (pug. 450 fl). In that way, this matter 
which has caused me trouble for some time, would be settled in the best possible 
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manner. I should indeed be much obliged to you if you would follow this 
suggestion. 
Here everything is well. We are deep in our vacations; I myself am working on 
an expanded version of the notes on abelian functions which I have published in 
the Gottinger Nachrichten.” With regards to you and the friends in Copenhagen, 
Yours truly 
F. Klein 
* [Footnote in the letter] I could then add in a footnote that Hilbert has raised similar concerns. 
[6] Sylvester to Petersen 
[Stationary of Athenaeum Club, Pall Mall, London;19 embossed seal of Club 
crossed out by Sylvester] 
Dear friend and colleague- 
New College Oxford- 
23d September 1889 
I did not know that Cayley had printed his so called proof: but only knew of 
it by a letter which he wrote to me concerning it. 
After leaving you, I thought it over in the train (‘zug’) and satisfied myself as 
you have done that it is erroneous. In his letter to me he spoke of it as a 
simplification of the proof given by a writer (whose name escapes my recollec- 
tion) in the Giittingen Proceedings which I had also seen. 
But I should state that Cayley followed his first proof by a second one,-and I 
cannot be sure which of the two it is to which your note refers. The first of the 
two is the one I related to you-the second I do not recollect.*’ 
I recall my visit to you and Prof. Zeuthen*l with great pleasure and requesting 
to be kindly remembered to him remain 
Yours truly 
J.J. Sylvester 
[7] Sylvester to Petersen 
[New College stationary] 
Dear Prof. Petersen- 
1st Oct. 1889 
Hilbert’s proof of Gordan’s theorem you will find in the Math: Annalen Bd 
33-it appears to me peqect and ci Z’abri of all possible objections. 
I am engaged in working out (that is to say, trying to discover) the 
ground-solutions of his numerical (Diophantine) equations** for a Quintic- 
(x, y)‘-for the Quartic (x, y)* these are extremely simple. 
He seems to me to owe his success to the idea of treating invariants per se 
unmixed up with semi-invariants as such. Mertens’ proof which he refers to, I 
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have not yet seen-but as Hilbert says that it runs parallel to his own, I 
conjecture that it depends on the Symbolical resolution of a form into its factors 
whereas Hilbert adheres to the simpler notion of a resolution into actual fuctotx" 
With kind regards to Prof Zeuthen and grateful acknowledgement of your and 
his kind attention to me in Copenhagen, and hoping to see you at no distant date 
in Oxford, I remain 
Yours most truly 
J.J. Sylvester 
[8] Sylvester to Petersen 
Dear Prof. Petersen- 
New College 
3d Ott’. 1889 
If I have not already made the remark in a previous note, I think it only fair to 
Cayley to observe that the Principle of his method which dispenses with all 
questions about Diophantine equations and gets rid of one of the two ‘satze’ [sic] 
which Hilbert employs, may be made to furnish a proof of Gordan’s theorem if 
instead of using only the equation to the differences of the roots we use also as 
many equations as may be necessary whose roots are products of such differences. 
It is however true that the formal exposition of this method of proof is somewhat 
tedious, so that in teaching a class I would prefer to employ Hilbert’s method 
which is so exceedingly terse and compact. 
I deem it very fortunate that I had the chance of talking the matter over with 
you at Tivoli (!) and having my eyes opened to the wonderful fallacy into which 
so great a Genius and so practised a Veteran as Cayley had allowed himself to be 
betrayed as if he had been some novice for the first time grappling with an 
arduous questionz4 
So transparent a fallacy, how could it have escaped him! and Klein too who 
ought to have read his paper and sounded the alarm to Cayley who is one of his 
most intimate friends. 
Ever yours truly 
J. J. Sylvester 
[9] Sylvester to Petersen 
Dear Prof. Petersen- 
New College-Oxford 
October 11, 1889 
I find from your note which I received yesterday that you have obtained the 
same ground-solutions for n = 4 n = 5 of the Hilbertian Equations as I have been 
in possession of for many days past but I have now the general solution for any 
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value of 12 which (if I think it worth while) I may send to the Comptes Rendus or 
elsewhere. 
The number of distinct types of solution” is (if I err not) the coefficient of xn in 
1 x2 
(1 -X2)(1 -X3)(1 -X4)(1 - X5) * . . - (1 -X2)(1 - 1)(1 -X6) * . . + 1 -X2 
being thusz6 1, 1, 2, 2, 2, 4, 3, . . . 
for n = 2, 3, 4, 5, 6, 7, 8, . . . 
It seems to me rather superfluous to treat covariants as a separate case since 
they are only a special form of invariants to the given form or forms” and the 
terms are superadded. 
Cayley is now quite satisfied of the insufficiency of his proof. I also stated to 
him that on reflexion I was satisfied that “it was impossible to dispense with the 
Diophantine satz-and that in fact Hilbert’s proof was not merely correct but 
perfect, in the sense of its being incapable of being bettered”. 
Of course the graphs of 12 and 10 for IZ = 4, 5 give what I call the two types.28 
Yours very truly 
J.J. Sylvester 
I have an algebraical method for finding prime solutions of an equation or system 
of equations analogous to that for finding prime forms of algebraical functions- 
but whether it will give all or only a certain group of the prime solutions I cannot 
at present say. 
[lo] Sylvester to Petersen 
New College Oxford 
12”” Octobre 1889 
Cher Monsieur Petersen 
Soit (a, b) = (a - b)(b - a) 
(a, b, c) = (a - b)(b - c)(c - a) 
(a, b, c, d) = (a - b)(b - c)(c - d)(d - a) 
etc., etc. 
Supposons n = (a - b)“(u - c)B(b - ~)‘(a - d)6. . . (k - I)* oii a > 1, /zI > 1, 
y>l,..., A > 1. Alors je dis que 17 contiendra necessairement un facteur de la 
forme 
(F)(G). * * (H)(K) 
oti F . G . . . H . K est identique avec a * b . c * . . k + 1. 
Avec I’aide de ce petit lemmez9 on peut trouver les o de Hilbert ou (ce qui 
revient au meme) resoudre ses equations non pas seulement pour une seule 
forme mais pour un nombre quelconque de formes. 
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[Crossed out: Ce theoreme] II m&e immediatement a la fonction generatrice 
que j’ai donnee dans ma note preddente dont j’espere pouvoir faire l’extension a 
un systeme de formes. 
Veuillez agreer I’expression de la plus haute 
fidblement dCvou6 
J.J. Sylvester 
[ll] Sylvester to Petersen 
consideration de votre bien 
New College, Oxford 12”” Octobre 1889 
Cher M. Petersen-Voici la solution du probleme de resoudre 
(Hilbert) d’equirecurrence pour un nombre quelconque de formes. 
les equations 
Pour une seule forme de degre m le nombre des types des o est comme deja dit 
le coefficient de tm dans le developpement de 
1 1 1 1 1 -.-.-.-.- 
1 - t2 1 - t3 1 - t4 1 - t5 1 - t6 
--. ,‘t (1) 2 $J (I> *$q- 
t2 
+- 
1 - t2 
Pour 2 formes des degres m, n en faisant abstraction des o qui appartiennent a 
ces formes prises skparemment, le nombre des types qui restent sera le coefficient 
de tm. uR dans 
crossed out: 
1 1 
P(l - t”)(l - UP) - P(l - PZP) 1 
1 1 0.4 
P(l + t”z.4~) _P(l - PZP) + (1 - t’)(l - tu)(l - U’) 
oi.i (Y + /I > 1 mais LX’, /3’ des positifs illimites je veux dire que CE, +/3 prend toutes 
les valeurs positives superieures B l’unitb. 
Pour 3 equations des degres m, n, p la fonction generatrice devient 
crossed out: 
1 1 
P(l - t”)(l - UP)(l -v’) - P(l - t”“)(1- U’P)(l - v)“’ 1 
1 1 
P(1 - t”ufi. v’) - P(l - tZdu2B’ * ?I”“) 
(t + u + ?J)tuv 
+ (1 - t’)(1- U2)(1- ??)(l - tu)(l - t?J)(1- U?J) 
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et ou (Y + /3 + y > 1 mais (Y’, /I’, y’ des positifs illimites. Et ainsi en general (le 
numerateur du troisibme terme &ant pour i formes le produit de cl, t2, . . . , ri par 
la somme C (f,, C2, . . . , L-2)). 
evidemment quand la somme des degres m, it, p . - - est impair[e] [? inkblot] il 
ne reste que le[s] premier[s] 3 termes dans la fonction generatrice a considerer. 
Voici la propriete caracteristique de la fonction (a deux variables) 
tu 
(1 - t’)(l - fU)(l - 2); 
[ci] savoir le coefficient de t’?P dans son developpement sera zero quand m -t n 
est impair, mais quand m + n est pair sera la partie entiere de la moitie de celui 
des deux nombres m + 1, n + 1 qui n’est pas moindre que I’autre. 
Toute cette theorie decoule du seul lemme que le produit equirecurrent 
(a - b)ya - c)P(b -c)’ * . . (k - 1)” 
quand A>1 p>l vB1.e . contient necessairement un facteur equirtcurrent de 
la forme 
(F)(G). . . W) 
oii FG. ..H=abc* . 01 et ou X &ant abc.. . g, (X) signifie (a - b)(b - 
c) * . . (g - a) avec la convention que (ab) = (a - b)(b - a). 
Je reste cher Monsieur Votre bien fidelement devoue 
J. J. Sylvester 
[The word partially obliterated by the inkblot seems to be: impair] 
[l2] Sylvester to Petersen 
Cher Monsieur- 
New College Oxford 
14”’ Octobre 1889 
Je regrette beaucoup de vous avoir donne la peine de lire ma lettre de hier 
[sic]. 
La formule pour le cas dune settle forme reste bonne-mais pour plus qu’une 
forme est erronee et a besoin dune correction et dune addition: cependant j’ai la 
presque certitude de pouvoir tres tot obtenir la vraie forme dans le cas general. 
Yours very truly 
J.J. Sylvester 
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[13] Sylvester to Klein 
Dear Professor Klein- 
New College Oxford 
15h October 1889 
I regretted very much indeed not being able to receive you in Oxford. When 
your post-card reached me I was in Sweden, seeking benefit for my eye troubles. 
I have discovered the general solution of Hilbert’s linear Equations for finding 
his w’s and am in a possession of a strict proof of the same. The number of 
equations of which his o’s are the roots,30 in the case of a form of degree n, is 
the coefficient of t” in the development of 
1 1 t2 
(1 - t’)(l - t”)(l - t”)(l -P) . . * - (1 - t’)(1 - t”)(l - t6) + 1 - t* 
Would you like to have my investigation for the Nachrichten? If so, may I write 
it in English or would you much prefer French? It would occupy 3 or 4 pages of 
the Journal. 
Yours very truly 
J.J. Sylvester 
The paper I propose to send you is nearly finished and will be completed 
almost immediately. 
How very unfortunate that Cayley should have made such a mistake and 
committed it to print! It is wonderful and inexplicable to me that so piercing a 
genius and of such exactness of thought could have fallen into and persisted in 
such an error. 
He must have forgotten one of the most elementary theorems in symmetric 
functions when he fell into such a trap. I shall of course make no allusion to it in 
my paper. 
I prove my theorem without algebra by a sort of method of Valence. 
[14] Klein to Hilbert 
[Original in German] 
Lieber Hr. Doctor! 
Gottingen 18 Oct. 1889 
You have undoubtedly received my message from London31 about the great 
interest which your investigations have caused among the invariant theorists 
there. 
In the meantime Herr Petersen has presented a note to the editors of the 
Annalen in which he for his part points out Cayley’s error;32 we shall print it as 
soon as possible (adding an editorial remark with a reference to your name). 
Today I have received a letter from Sylvester which I think best to send you in 
the original (with the request to return it at your earliest convenience). 
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You see, things are progressing very well! Speaking for the editors of the 
Annalen, I can only add the wish that you would elaborate in our Annalen what 
you have published so far only in preliminary form in the Gijttinger Nachrichten. 
Best regards to you and the friends in Konigsberg from your 
F. Klein 
[W] Sylvester to Petersen 
Dear Professor Petersen 
18”” Octobre 1889 
((u) I have no doubt that by a lapsus calami my Lemma was incorrectly stated. 
Allow me to restate it in a form easily apprehensible. Let there be n points 
connected by bon&: I call the number of bonds passing through each point its 
frequency. 
The system of points I call a graph. 
By a graph of n points of uniform frequency 2, I mean that each point is 
connected with others by exactly 2 bonds. 
This may happen whether the graph consists of one cycle or two or more 
cycles. [Crossed-out sentence: By a graph of frequency 1 (which can only exist 
for even values of n) I mean a chain of duads.] Then my Lemma will run as 
follows. 
Let G be any graph for which the frequency of each point is 2 or more (I do not 
require the frequency to be the same for each point). 
Then a graph T of uniform frequency 2 and another graph G’ may be found 
such that [crossed out: by their superposition] G may be produced by the 
superposition of T with G’. 
[Footnote in the letter] Of course, if the frequency of G is uniform the same will be true of G’ and 
not otherwise. 
(/3) As to the proof of the Lemma. 
This is more difficult than I had supposed-but I have proved it for all values of 
n up to 7, am on the point of completing the proof for n = 8 and have not much 
doubt of being able to establish the proof for all values of n by the same process 
which has been successful for the earlier numbers. 
(y) The number of bonds between any couple of points may be called the 
frequency of the couple. By the ‘equations of frequency’ I mean the n equations 
connecting the frequencies of the couples with the i values of the frequencies of 
the points in a graph consisting of i distinct sets.33 
My Lemma enables me to find the irreducible solutions of the Equations of 
frequency for all given values of nl, n2, . . . , ni by a direct and exhaustive 
method. 
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I would set out these solutions for the case of two cubits, a quadratic and a cubic, 
etc. etc.-were I not fearful of exhausting your patience: so will conclude for the 
present with assuring you of the high regard and respect with which I remain 
Yours very truly 
J.J. Sylvester 
I look upon the Lemma as [crossed out: perhaps] the most important 
theorem discovered hitherto in the science of Chemical Graphology-and it 
seems to me that it ought to suggest new ideas in Theoretical Chemistry and that 
it may possibly lead to a new conception or improve the [crossed out: old] 
existing conception of the nature of Valence. 
[16] Sylvester to Petersen 
Post-scriptum 
New Coll: Ox 
20h Ott 1889 
Dans la note precedente pour que le “Lemme” soit vrai il faut que le Graphe 
G soit de frkquence uniforme pour chacun de ses points. 
Avec cette qualification il reste certainement vrai jusqu’a n (le nombre des 
points) Cgal 5 7 (inclusif): probablement (mais ce qui reste 5 verifier) pour toute 
valeur de n. 
J.J.S. 
[17] Hilbert to Klein 
[Original in German] 
Hochgeehrter Herr Professor. 
Konigsberg, 20 Oct. 1889 
In accordance with the suggestions of your postcard I have sent my papers to 
both MacMahon and Hammond; for the former I have also included an expose of 
Cayley’s error. Naturally it was a great pleasure to learn from your letter that a 
man like Petersen has independently given thought to this matter and now 
straightens it out publicly. 
I am very anxious to see Sylvester’s paper because I strongly believe that his 
enumerative methods, when applied to the diophantine equations which I have 
introduced, can lead to beautiful results. At any rate, Sylvester’s enumerative 
methods-which in spite of all efforts were insufficient so far in proving the 
finiteness of the invariants of binary forms-now appear in a much more hopeful 
light. 
That my papers now attract some interest in several places naturally causes me 
great joy and is a powerful encouragement. Several German mathematicians also 
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have expressed themselves favourably; in particular, Netto has written me 
recently at some length, saying that my Theorem VI appeared to him to hold a 
certain potential, especially in its number theoretic formulation. Admittedly, any 
finiteness proof suggests the problem of more closely determining the bounds of 
the numbers involved.% 
As I will be lecturing on General Algebra during the coming winter semester I
hope to get around to prepare a thoroughly amplified version, and this, of course, 
will then be at the disposal of the Annalen. 
Hurwitz has just returned from Hildesheim where he kept entirely to himself, 
devoting his time to the sport of the bicycle. He sends his thanks for your kind 
regards. I enclose Sylvester’s letter and for my part also add the most respectful 
regards. 
Sincerely yours, 
David Hilbert 
[18] Sylvester to Petersen 
New Coil: Oxon. 
27h Ott 1889 
Dear Prof Petersen- 
Thanks for your esteemed note received yesterday. 
b 
Fig. 1 
is an example of a graph from which it is impossible to take away T (a graph of 
equal frequency 2) although at each point the frequency is either 2 or 3. 
It follows as an immediate consequence of the Lemma (the correct form of 
which I save in a Postscriptum) that a graph of odd order is equivalent to the 
Superimposition of cyclical graphs (the oxygen graph O=O counting as a cycle). 
But for a graph of an even order it is necessary to add in the Duadic Chain 
a-b c-d e-f-*- 
in order to make the statement exact. 
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The Generating Function for the number of graphs to the Covariants of a single 
Quantic is 
1 
(1 -X)(1 -X2)(1 --X3)(1 -X4)(1 -x5). * . 
1 
- (1 -x)(1 --x2)(1 -x4)(1 -4) 
+(1-*);14)-1. 
The Cyclical or Cycle-duadic law above stated is only a Consequence of the 
general law applicable to Equations of frequency whether uniform of having 2 or 
more values: viz the Law following 
In every indecomposable graph the bonds between any two points are simple 
except as regards couples of detached points between which the bonds may be 
double.35 
This Law will enable me to solve any system of Hilbertian Equations and to 
give the Generating Function to the number of distinct Types of Solution for 
binary Quantics of orders nl, n2, . . . , ni. 
Believe me 
Yours very truly 
J.J. Sylvester 
The general law may be stated thus. 
In any system of Hilbertian Equations the n(n - 1)/2 unknowns which 
represent the frequencies of the Bonds must be 0,l or 2. In every such system 
there will be n equations between n(n - 1)/2 + i unknowns, or of course if we 
please to say so (n - i) equations between n(n - 1)/2 unknowns. 
[19] Sylvester to Petersen 
Irreducible covariant 
graph to (A Y)” 
New College 
Sh Nov 1889 
8 4 
Fig. 2 
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Dear Professor Petersen- 
With 10 points there exists an irreducible graph of frequency 3-and with any 
even number of points sufficiently great it is possible to construct irreducible 
graphs of any odd amount of frequency 3,5,7 etc. 
I have not been able to discover any irreducible graphs of even frequency 
higher than 2 but would not presume to say that they cannot exist. 
That graphs with odd frequency do not exist for an odd number of points we 
know for certain. Because if i is the number of points and j the frequency, ij must 
be double the number of bonds. 
The number of irreducible graphs of frequency 2 for invariants (of which I have 
hitherto been speaking) is the coefficient of t” in 
1 
t”)(l - t”)(l - t6) * . * - (1 - t’)(l - t”)(l - r6) 
For covariants the number of such is the coefficient of t” in: 
1 1 
(1 - t)(l - t”)‘(l - t”)“(l - t4)2 - (1 - t)(l - t”)‘(l - t’)(l - t”)‘(l - t5). * * 
Of course the number of irr: gr: of frequency 1 is the coefficient of t” in l/(1 - 
for invariants and in l/(1 - t(l - t2) for covariants. If no irreducible graphs 
even frequency higher than 2 exist, the total number of irreducible graphs for 
odd number 12 is the coefft of tn in 
t2) 
of 
an 
1 
[ 
1 
(1 - t”)(l - t)‘(l - t4) * . * Or possibly: (1 - 971 - t)‘(l - t”) . . . I 
whereas for IZ even it is a very complicated expression-It seems hardly probable 
that whereas all sorts of fantastic shapes of irreducible graphs exist for an ezlen 
number of points, those for an odd number (I speak only of invariants) should be 
exclusively cyclical! : still it is the fact that I have labored in vain to discover any 
irreducible graphs of frequency 4,6, etc. 
As regards covariants there is an irreducible graph of frequency 3 for 8 points. 
Yours very truly 
J.J. Sylvester 
[On separate sheet; 
Athenaeum Club stationary] 
[Front] 
d h 
Fig. 3 
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This represents 
C (a - b)(b - x)‘(a - c)(a -f)(e - d)(e - c>(f - g)(f - h)(c - d)*(g - h)* 
Invariant irreducible graph of order 10 with frequency 3 
Fig. 4 
[Back] 
[Coloured drawing: 1 = black, 2 = blue, 3 = brown] 
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[20] Sylvester to Petersen 
Dear Prof Petersen- 
New College Oxford 
16h Nov 1889 
Thanks for your interesting note-1 also have a proof of the ‘theorem of 
Ablation’ for even equifrequencies.36 
To give you an idea of my method which is inductive, suppose we wish to prove 
it for a graph of 8 points with equifrequence 4. 
I make this depend on the following fact-Let (1 2 3 4 5 6 7 1) be one cycle 
between 7 points and (a b c d e f g) any 2d distinct cycle between the same. 
Then I can find a cycle or polycycle in which one pair of contiguous [crossed out: 
letters] numbers say 1 .2 does appear and any other say 5 .6 in the same cycle 
does not appear as a contiguous pair. 
Ex. Let 
abcdefg 
=1357246 
Then we can form the cycle (1 .2 .4 .6 .7 .5 .3 . 1) or again let 
12345671 
13752641 
be the two given cycles-then we can form the cycle (or rather polycycle) 
(4 5 2 6 4); (1 3 7 1).37 A polycycle of course means a combination of cycles. 
Is this your method? Look at the Marvellous result. A graph of an odd number 
of points is always resoluble into cycles or polycycles. Hence we have the 
Complete solution of the Equations of frequency for odd degreed functions (I 
need not add the reason-viz. that the frequency for an odd order must be even). 
Have you noticed the theorem (a generalisation of my figure for 10 points) that if 
it is any even number, irreducible graphs of n points can be constructed with any 
constant odd frequency less than n/3! 
Yours My dear Colleague 
Very Truly J.J. Sylvester 
Oblige me with a speedy reply- 
Two cycles are distinct when they have no pair of sequents in common to the 
tWo.38 
[21] Sylvester to Petersen 
Lieber College- 
New College 
17h Nov 1889 
In my note of yesterday I spoke of distinct cycles-as two in which no bond 
belongs to them in common. This is an unnecessary and improper restriction. I 
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can now put my proof of the Ablation Theorem for an even frequency in a form 
in which almost I may say instantaneous,-proceeding by induction from rz points 
to (n + 1) and showing that if true for n points that a graph of frequence 2r may 
be expressed by r cyclic arrangements uch that any I bonds may be distributed 
between the r [crossed out: cycles] arrangements (so that no one of those bonds 
shall occur twice in the same arrangement), then the same will be true for (n + 1) 
points. But in fact as soon as it is shown that for 2r = 2 it is true that the two 
cycles may be changed so as that any two bonds shall be found one in each cycle, 
the same follows as an obvious consequence for r cycles. I wonder what your 
proof can be and whether it can rival mine in simplicity! The success of the 
method depends on the way in which the train of induction is laid-viz instead of 
taking for the ground of the induction the supposition that the y1 point graph (of 
frequency 2r) can be arranged in r cycles (simpliciter) I add that they are such as 
that any r bonds can be found singly in each of them. 
Yours very truly 
J.J. Sylvester 
[22] Sylvester to Petersen 
Dear Prof Petersen- 
New College 
24h Novr 1889 
1 have tried in vain to understand your proof of the theorem of resolution for 
graphs of a constant even frequency. 
Mr. James Hammond (a man of incomparable sagacity) has also made the 
same endeavour but with equal want of success-it is therefore impossible for me 
to offer any opinion on its correctness. In a preceding note you state that ‘graphs 
of even frequency >2 are reducible in graphs of frequency 2; the theorem should 
also stay for odd frequency if it could be proved for frequency 3, but as your 
example shows this is not possible’. 
Do you mean to convey by this that graphs of odd frequency can be 
compounded by graphs of frequency 2 and one of frequency 3? I cannot 
understand what other meaning to attach to these words. But such a theorem is 
quite erroneous, for graphs of any odd amount of frequency can be constructed 
which are absolutely irreducible and cannot be separated into any two graphs 
whatever. 
Your [. . . ?] of the failure of my lemma is well founded but in no wise affects 
the validity of my proof-the proper statement of the lemma is that a graph of 
even frequency say 4 is resoluble into 2 graphs of frequency 2 containing any 
specified links AB, CD (one in one, the other in the other) provided that AB, 
CD are not connected by cross links AC, BD or AD, BC-and this is all that is 
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necessary for the validity of my proof by induction from the case of IZ to that of 
n + 1 points. 
I remain, 
Yours very truly 
J.J. Sylvester 
In applying the theorem that G = P * Q where P contains ab and Q, cd provided 
that ab, cd are not cross-bonded as by UC, bd or ad, bc you will of course 
understand that two bonds which join the same two points must be regarded as 
dhtinct and not as identical bonds. 
[23] Sylvester to Klein 
My dear Prof Klein- 
24h Nov 1889 
I understand from your esteemed note that your public sitting of the Academy 
of Sciences is on Thursday the 4h December next and propose (if you approve of 
the idea) to be present in person39 on that day to make the communication you 
ask for, relative to Dr Hilbert’s linear equations, of which I can give the complete 
solution for the case of a Quantic of an [crossed out: even] odd order. 
As regards the Quantic of an even order the problem is much more difficult and 
the result vastly more complicated but I believe I possess the principle (but 
without proof) which will lead to the complete solution, i.e. the determination of 
all the irreducible solutions of Hilbert’s system of linear equations. 
I wish he could be present on the occasion. He has rendered a very great 
service to Algebra in obtaining so simple a proof of Gordan’s theorem, and I 
should like to be able to congratulate him on his brilliant invention. 
What a relief from the tedium of all previous methods of proof! 
It does not seem to have occurred to him to study the solutions of his linear 
equations which of course he had no occasion to do in respect of his immediate 
object. 
My work in the University ends on Saturday next, and on the Monday [crossed 
out: or Tuesday] following I should be ready to start for Giittingen-where I 
presume it is easy to obtain good hotel accommodation. 
Believe me 
Yours very truly 
J.J. Sylvester 
[24] Sylvester to Petersen 
Nov 25 [or 28?], 1889 
Dear Professor Petersen- 
Looking again at your note of the 18’h I observe that you commence your proof 
with proposing to establish that “a Gzn (graph) 2a the frequency can ever be 
divided in two G,“. 
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Now how can this be true?40 For take a graph of (2i + 1) points of frequency 6. 
If this were divisible into 2 graphs each of frequency 3, each would be a graph 
of (2i + 1) points of frequency 3 which is impossible, for if the number of points 
is odd the frequency must be even. 
It could only be true if it were impossible to construct a graph of 2i + 1 points 
of frequency 4k + 2 but this is obviously not true, since we may compound 
together 2k + 1 graphs each of 2i + 1 points and of frequency 2, and so obtain a 
graph with 2i + 1 points and frequency 4k + 2 which beyond all doubt will be 
irreducible into 2 graphs with 2i + 1 points and of frequency 2k + 1. 
It seems then to me that your proposed proof resting on this basis cannot be 
correct. 
Yours very truly 
J.J. Sylvester 
P.T.O. 
If i is the number of points in a graph of equi-frequency j, the number of bonds 
is ij/2 showing that if i is odd, j must be even. 
[25] Sylvester to Petersen 
Postcriptum to Note of 25h 
27’h Nov 1889 
Suppose G is a graph of such a nature that it can be resolved into two G’, G” 
having only one point in common-such a point I call a point of separation in G. 
In applying the induction theorem it is to be understood that the two bonds to 
be separated must not be two proceeding from a point of separation in G and 
lying in one only of the separate graphs. 
J.J.S. 
Of course it will be understood that if G is equifrequent G’, G” can neither of 
them be such- 
G’ 
G= 
8 
Point of Separation 
G" 
Fig. 6 
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[26] Sylvester to Petersen 
[Hammond’s handwriting] 
Supplement to Postcriptum of Nov. 27’h. 1889. 
New College, Oxford 
Nov. 2gth 1889. 
If on cutting any two bonds in G, the letters in G become separated into two 
groups without any bond connecting any letter in one of them with any letter in 
the other such two bonds, whether conjoined as Oa, Ob or apart as ab, cd, I call 
conjugate bonds. 
The theorem of induction for frequency 4 will then admit of being stated as 
follows. 
Every graph G of frequency 4 may be resolved into two graphs H, K of 
frequency 2 such that any two designated non-conjugate bonds in G shall be found 
one in the one and the other in the other of the two graphs H and K. 
A similar theorem of induction may be stated of graphs of any even degree of 
frequency. 
J.J.S. 
[27] Hilbert to Klein 
[Original in German] 
Hochgeehrter Herr Professor. 
Konigsberg, 30 Nov. 1889 
Although it would be of great interest to me to make Sylvester’s personal 
acquaintance, I am in no position to undertake such a long journey at a moment’s 
notice, especially as I am quite literally flooded with courses, lectures, and work 
on my own papers. I shall be glad if I can arrange to take part in the meeting of 
mathematicians in Bremen next autumn.41 
I am asking you therefore to be so kind as to express my respects to Sylvester. 
I, too, have just recently convinced myself that the diophantine equations which 
Sylvester is now considering, are capable of further treatment, and am therefore 
anxious to see Sylvester’s investigations. 
Thanking you for your message and the invitation, with respectful regards, 
Sincerely yours, 
David Hilbert 
[28] Sylvester to Petersen 
[Hammond’s handwriting] 
Dear Prof Petersen, 
New College Oxford 
Dec. 6’h. 1889 
I was aware, within a few hours of my last despatch, that the “dissociative” 
definition42 was erroneous, but feeling sure that you would reply did not wish to 
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flood you with unnecessary correspondence. The true definition is as follows. 
(Understand by a congregational group of (Y bonds in Gza a group of (Y of them 
having the same extremities: and by a congregational bond any one of such 
group.) 
Two bonds are dissociative when 
A. Neither of them is congregational. 
B. The two are not adjacent to each other nor to a third. 
C. The preceding condition is still to obtain after bringing together the two ends 
of one chain or of each of two chains of congregational groups of bonds 
connected together by an odd number of points. 
(An extraordinary graph is one in which at each point the distribution of the 
frequency43 is into parts r, s, t, . . . where some one is greater than the sum of all 
the rest: as ex. gr. 1,3 for G4: 1, 1,4 or 1,5 or 2,4 for graph G6; 1, 1, 6 or 1,2,5 
etc. for G8) 
With this amendment after as careful examination as I have been able to 
bestow upon the subject I believe I am correct in affirming the following 
‘induction-theorem’. 
A non-extraordinary graph G,, can be separated into cx graphs of frequency 2 
such that each of them shall contain one of any arbitrarily chosen set of Q bonds of 
which every two form a dissociative pair. 
I have thought it scarcely incumbent upon me to go through your new proof. 
(The labor would be too great in the midst of more pressing avocations). The old 
proof you tacitly admit to be erroneous, for one does not see how your newly 
imported condition of G,, being unipartite can serve to render the proof valid on 
that supposition when on the contrary one it leads to an erroneous consequence. 
Moreover in the in the [sic] latter part of it you seem (as far as I can understand 
your statement) to assume that if by the change of ab, cd into ac, bd any G 
passes into G’ and G’ is resoluble, then so also is G. Such principle is 
demonstrably erroneous,44 as an experiment on my tree form of an irreducible G3 
with 10 points will easily satisfy you is the case; by a single interchange of letters 
such as above described this graph G3 may be converted into a reducible G;. 
I am at a loss to understand why you say that “G3 will give you white hairs”! 
What necessity can there be for you to take so much pains to work out the 
ideas of another person unless you are of opinion that he is incompetent to do 
justice to them himself? 
I have asked my friend and assistant Mr. James Hammond, who was present at 
my lectures during last University term in which I introduced the graph theory in 
connexion with Hilbert’s proof, to copy out the above statement in order to save 
you trouble in decyphering my usually crabbed handwriting and remain,45 
Yours very truly 
J , J . Sylvester 
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[29] Sylvester to Petersen 
[New College 
out: Dee 6-[1889] 
P.S. think I see now the Induction theorem in day’s note will be of 
every graph Gza in which 1,2a - 1 at 
point which graph once reducible 
[30] Sylvester to Petersen 
Dear Professor Petersen- 
New College 
8h December 1889 
Now that I understand your method, I hasten to say that I regard it as most 
perfectly beautiful and as far as I can judge free from all objection. 
It reminds me of Euler’s processes of weaving circuits together in making the 
knight pass over all the squares in a chess board and also of some of the processes 
in my paper in the American Journal on the Constructive Theory of Partitions. 
Does your first process serve to prove that any graph whose frequencies are all 
even but unequal can be split into two (of course when the number of bonds is 
even)?M 
Now that the limit to the frequency is ascertained for primitive graphs of an 
odd order, it seems to me that the next great step is to fin[d] the limit for graphs 
of an even order. We know that Primitive Graphs [crossed out: of all degrees of 
frequency] can be constructed for all degrees of frequency less than 1/3d of the 
order when even. 
It seems to me extremely probable that the highest number which fulfills this 
condition is the Limit required. 
As ex. gr. for the order 30 there are, we know, primitive graphs of frequencies 
1,3,5,7, %Is it not almost certainly true that there are none of a degree higher 
than 9? I congratulate you sincerely on your charming invention of a new process 
in dealing with arrangements and remain 
Yours very truly 
J. J. Sylvester 
[31] Sylvester to Klein 
Dear Professor Klein- 
New College Oxford 
12h December 1889 
I find some difficulty in making out some of the words in your highly esteemed 
letter, and would take it as a great favor if you could write a little more clearly for 
my behalf, as I am not very familiar with German handwriting. 
I can state the principal results I have arrived at in a very few words. 
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Write down Hilbert’s equations, viz. 
(r, 1) + (r, 2) + * * . + (r, n) =j 
(r=1,2,. . . ,n) 
where j is a constant, (r, s) = (s, r), and (r, r) = 0. 
We must distinguish the cases where n is even and it is odd. 
1” Let IZ be even. 
Let 1,3,5,. . . (2~ + 1) be all the odd numbers <n/3. Then (besides solutions 
in which j = 2) there must exist also irreducible solutions of the system of 
equations in which j = 1, j = 3, . . . , j = 2~ + 1; and probably there are no values 
of j (in an irreducible solution) >2~ + 1 (but this is not yet proved).47 
2” Let n be odd, then there is no primitive solution except for the value j = 2!!! 
and all the solutions will consequently be expressible by means of cycles (not 
omitting to notice the important fact that (a, b)* must be read as a cycle [crossed 
out: (a,fb)(b, a)] (a, b). _ 
Ex. gr. Let it = 7. Write down the cycles 
(1234567) 
(1 2 3 4 5)(6 7) 
(1 2 3 4)(5 6 7) 
(1 2 3)(4 5)(6 7). 
All the irreducible solutions are of the form48 
(1,2)=1, (2,3)=1, (3,4)=1, (4,5)=1, 
(6,7) = 1, (7,l) = 1 
every other (r, s) being zero; or of the form 
(1,2)=1, (2,3)=1, (3,4)=1, (4,1)=1, 
(6,7) = 1, (7,5) = 1 
every other (r, s) being zero. 
Or of the form 
(1,2)=1, (2,3)=1, (3,1)=1, (4,5)=2, 
every other (r, s) being zero. 
Petersen has been working at the same subject in the 
(5,6)=1, 
(596) = 1, 
(6,7) = 2 
direction and on the lines 
marked out by me and anticipated me by a short interval in the proof of this 
second theorem: but his proof is entirely different from mine. I should be willing 
to combine with him in writing a joint memoir for your journal. Of course we 
take different views of our respective claims to the credit of this- remarkable 
discovery. 
Believe me, 
Yours most truly 
J. J. Sylvester 
I need hardly add that to have all the primitive solutions one must permute the 
symbols 1,2,3,4,5,6,7. 
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[32] Sylvester to Klein 
[New College stationary] 
Postscriptum 
Dec. 12’h 1889 
For a Quantic of order 12 when II is odd, the number of distinct forms of 
irreducible solutions of the Hilbertian equations is the number of ways of 
partitioning n into parts none less than 2, which is the coefficient of t” in 
1 
(1 - t’)(l - t”)(l - t”)(l - t5) * * * 
When n is even it will be the number of ways of partitioning it as before but 
omitting those partitions which are all even (for these correspond to solutions of 
frequency 1, i.e., (a - b)(c - d)(e -f) . - - ). The number of irreducible solution 
forms with j = 2 for IZ even will thus be the coefficient of t” in49 
1 1 
(1 - t)(1- t”)(l - t’)(l - t”)(l - t5)(. 9 . - (1 - t”)(l - t”)(l - P) * * . 
Example: 
For IZ = 8 we have the non-omni-even non-Unitarian partition 5.3 [crossed out: 
and the only solution of frequency 2] so that there is only oIte irreducible form of 
solution of frequency 2, corresponding to Hilbert’s 
w = c (a - b)(b - c)(c - d)(d - e)(e - a) . (f - g)(g - h)(h -f). 
[33] Sylvester to Klein 
Addendum 
Dee 12. 1889 
In the case of it = 8 I forgot to add the partition 3,3,2 corresponding to 
(a - b)(b - c)(c - a)(d - e)(d -f)(e -f)(g - h)2. 
When n = 10 besides 
(a - b)(c - 4(e -f)(g - h)(k - 4 
and the forms corresponding to 7.3, 5.5, 5.3.2, 3.3.4, 3.3.2.2 each of frequency 2 
we have also5’ 
(a - b)(u - c)(u - d)(b - e)(b -f)(e -f)‘(c - g)(c - h)(g - Iz)~ 
x (d - k)(d - I)@ - f)2 
where each letter has the frequency 3. The statement of the results obtained is 
much facilitated when Graphs or Linkages such as are used in Modern Chemistry 
to represent chemical molecules are introduced. 
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All of Dr. Hilbert’s equations then correspond to graphs appertaining to a fixed 
system of points connected together by i bonds through each point, and 
irreducible solutions to graphs of frequency i incapable of being produced by the 
superposition of two graphs of frequencies i’ and i - j’, respectively. 
J.J.S. 
[34] Sylvester to Petersen 
New College 
12h December 1889 
When I first wrote to you stating that I was engaged in finding the primitive 
solutions of Hilbert’s equations of frequency, you made no allusion to the fact 
that you had occupied yourself with the same investigation previously. When I 
had found previous to hearing from you the primitive solutions for the case n = 4 
IZ = 5, I immediately recognized the important point that (a - b)‘(c - d)(c - 
e)(d - e) consisted of two cycles ((a - b)(b - a) being a cycle just as much as 
(c - d)(c - e)(d -e)) and p roceeded to establish the theorem of cycles by an 
exhaustive method up to the case of 8 points inclusive. I then discovered the law 
that Irreducible Graphs of an odd order could be constructed of all odd degrees 
of frequency inferior to 2cu/3; Obviously from your note of Nov 11 you were 
unacquainted with this capital fact-and you did not even state your knowledge 
of the fact that a G3 existed for 16.51 
As soon as I found that my construction of irreducible graphs failed for GZm and 
that all attempts to substitute other constructions were ineffectual, I was led to 
conjecture the high probability that no irreducible graph G2_ except for LY = 1 
existed in the nature of things, and while still occupied with this question 
received your note in which you stated you had a proof-which I did not ask for 
and did not desire to see-but which you sent to me of your own accord. 
I have never deviated from my original idea of an Inductive Proof and have 
now established one of extreme simplicity and resting on an impregnable 
basis-and which moreover applies itself at once to the general case of GZ,. 
[Crossed out: This method leads to a proof of extreme simplicity.] The 
theorem, or rather the two theorems, I will now state reserving the proof for 
another occasion: To make the principal theorem intelligible, I must define what I 
mean by a Metastatic Group of Graphs. (GZn) 
Imagine a complete 2a-gon of which the number of sides is 2a2 - LY; take any IX 
non-adjacent sides thereof: the number of which, A, is 1 . 3 - 5 . . - (2a - 1). We 
may speak then of A sets of bonds. 
The Metastatic Group in reference to this 2cu-gon will then consist of A graphs 
GZa differing from each other only as regards these sets, i.e. each graph will 
contain one set and one only-and except as regards these sets all the other bonds 
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are identical in the A graphs: and my theorem is that one at least of these A 
graphs possesses the property that it can be divided into a: graphs of frequency 2, 
each of which will contain one of the (Y bonds belonging to the set which it 
contains. 
My second theorem is that if in any graph G,,, there is no point through which 
there does not pass a double (or other multiple) bond, then excepting the case in 
which one bond is only connected with two others (i.e. the frequency 2a consists 
of a frequency A and a frequency 2a - A) in which case there is a cycle ready 
formed or set of cycles, in every other case I say the resolubility of such graph 
into cycles can be shown immediately to depend on the same being possible for a 
graph of an order at least two units inferior to its own order. 
I think my proof of the theorem is simpler and clearer than yours appears to 
me to be, although as a matter of fact I know nothing more of the latter than I 
have been able to collect from a casual glance at it, with the exception that I have 
mastered the meaning of your process for resolving G4 and satisfied myself of its 
correctness by working out examples. 
My admiration for the ingenuity and simplicity of this process is unbounded- 
and it is obviously the best mode of solving the problem for that case-though 
not, I think, for proving that the problem is soluble. 
I should be very pleased if you would like to do so, to join forces with you in 
the further prosecution of this great and momentous question: and should be 
quite [crossed out: willing] glad either to receive you here in Oxford as my guest, 
where you would be at no expense whatever of living, or even to go over to 
Copenhagen to pass a fortnight or more there with my friend and assistant James 
Hammond with the view of producing a joint version in which both our proofs 
could appear simultaneously of the resolubility of G,,. Please understand that 
what I have now done in the way of proof is the realisation of what has 
throughout been in my mind-but which I could not bring clearly out until I had 
mused up the Conception of a Metastatic Group. With that conception the proof 
is almost instantaneous of my first theorem: and the second theorem is also 
established with even less trouble than the first. Without the conception of the 
Group it would have been impossible to give the effect of the theorem relating to 
it. Of course if we furnished Klein with a joint memoir, your name would be 
attached to your proof, and my name to mine-the contrast between the two 
methods is in itself a very wonderful feature of the subject. 
The advantage of this course of joint investigation and publication would be 
that all questions of priority could be set aside and sink into oblivion-and we 
could join our forces in the pursuit of truth without the admixture of any feeling 
of personal rivalry. I should be quite satisfied to share with you the honor of this 
great discovery. An early reply will much oblige 
Yours very truly 
J.J. Sylvester 
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I ought to add that the 2d theorem is not only true in the case supposed of a 
Graph in which there is a multiple bond at each point-but more generally, the 
resolution into G2’s of a G,, with n points may be made to depend on the same 
for n - 2 points at most, if the original Gzm contains multiple bonds at any one 
point (except in the case where every point is connected with only trvo others). In 
that excepted case a cycle, or set of cycles, is ready to hand, and no reduction is 
needed. 
[35] Sylvester to Petersen 
[New College stationary] 
Dear Professor Petersen- 
13h De& 1889 
With reference to my last note, I wish to add that my second theorem may be 
dispensed with and that the single theorem relative to Metastatic Systems of 
Graphs G2= is in itself sufficient to carry on the induction that if true for n it must 
be true for n + 1. 
The proof is all but instantaneous. 
Yours very truly 
J.J. Sylvester 
I subjoin a rather useful piece of nomenclature.52 
A point in G,, which is connected with 2a, points may be called Pleiogamous. 
If connected with less than 2u, Meiogamous- 
and if with two only 
I 
Eiogamous- 
or Digamous .
A graph is said to be digamous when all its point[s] are digamous-and 
meiogamous when all its points are meiogamous. 
The points of a Graph may be called its Nodes. 
It was the existence of meiogamous graphs which seemed to require my second 
theorem, but I find now that it is quite easy by a very simple construction to do 
away with the effect of the presence of any meiogamous node.53 
[36] Sylvester to Petersen 
[Stationary of Athenaeum Club, London; embossed seal of the Club crossed out 
by Sylvester] 
New College Oxford- 
20th Deer 1889 
Dear Professor Petersen- 
Your last letter to Oxford has been forwarded to me here in London. I hasten 
to say that it will give me the greatest pleasure to receive you in Oxford to which I 
return today. 
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It may be as well for you to give me 24 hours notice of the day when you expect 
to arrive: At the station in Oxford you have only to take a cab and tell the driver 
to take you to New College (Principal Entrance) and the Porter at the lodge gate 
there will direct you to my rooms. You shall either live in College in rooms close 
to mine or in some apartments in the town at my disposal (where Hammond 
lives), whatever you may prefer. I shall be very glad to have you as my immediate 
neighbour, if you can make yourself comfortable in College rooms and with the 
attendance of College Servants. Hoping soon to have the pleasure of your 
company I remain 
Yours most truly 
J.J. Sylvester 
I find it too difficult for my weakened faculties to follow a mathematical proof in 
German Manuscript. Your viva vote expositions, whether in English, French or 
German, I shall be able to follow with comparative ease. 
[37] Klein to Hilbert 
[Original in German] 
Lieber Hr. Doctor! 
Gottingen 25/12 1889 
Naturally, Sylvester did not come after all (I probably already wrote you this) 
but at my request he sent me some further messages about his investigations. 
They were almost illegible, so I had them copied.54 I am now enclosing this copy 
asking you to let me know what you think of it, and then to return it to me. To 
tell the truth, I have little desire to pursue this matter further: Sylvester is too 
irregular, altogether a ‘genius’; in matters of business there is no way of getting 
anywhere with him. 
In the meantime I have finally received my ‘abelian’ reprints.55 I enclose copies 
for you, Lindemann and Hurwitz . . . 
[Part of letter omitted] 
Many good wishes for the New Year from 
Yours truly 
F. Klein 
[38] Hilbert to Klein 
[Original in German] 
Kiinigsberg, 29 Dec. 89 
Hochgeehrter Herr Professor. 
Enclosed, I am returning Sylvester’s letter. It was certainly of interest to me to 
see from it in which sense Sylvester is working on the diophantine equations 
which I have introduced for the purpose of the finiteness proof of binary 
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invariants. However, as far as publication is concerned-even if it were simply 
printed as a letter-it is written too disjointedly. Perhaps Sylvester will join 
forces with Petersen or at least he can be persuaded to arrange what he says in his 
letter in a more orderly fashion by incorporating the postscripts into the text. As 
far as concerns my judgement of the value of Sylvester’s investigations, I cannot 
convince myself from reading the letter that in spite of his emphatic claims of 
their importance, Sylvester’s results are really deep and will appeal also to those 
who are not content with the joy of purely formal developments. 
My best thanks for having sent me your great treatise on abelian functions. . . 
[Part of letter omitted] 
I myself have so many plans for algebraic and number theoretical papers that in 
order to finish at least the most immediate thing, I am firmly resolved to work 
exclusively on a synthesis of the developments on algebraic forms which I have 
sketched in the Gottinger Nachrichten. Hoping therefore that I will be able to 
send you my manuscript before long, with most respectful regards, 
Sincerely yours, 
David Hilbert 
[39] Sylvester to Klein 
Professor Klein- 
4h January 1889 [recte 18901 
A happy new year to you and many more to follow! 
has been passing a week with me in Oxford and is now in London 
with me. We have come to an agreement 
another, also for the 
His method is different beautiful and 
instructive) treating the case of invariants to a form of an even order. 
As regards those of an odd order, I am in advance of him for I believe that I 
have now succeeded 
frequency exceeding 
exceeding n/2. I had already proved that there were always graphs of a 
frequency . . . up to the limit n/3; but now I believe I have proved that 
there are none of a higher frequency. In other words, if we write Hilbert’s 
Diophantine equations under the form 
(I, 1) + (r, 2) + . * * + (r, n) = j 
((r, s) = 6, r) (r, r) = 0) 
(r = 1, 2, 3, . . . , n) 
I believe that I can show that when n is odd, then in the irreducible solutions, j 
can only have the odd values 1,3,5, . . . , p where p < n / 3. 
All these values j can take and no other odd values. 
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The only even value of j Petersen and I have both proved by different methods 
is j = 2. 
The proof I give for the odd values of j (which can exist when n is even) is a 
very curious one which but depends in part on the same principle which I make 
use of for the case of n odd. 
I hope our two papers will be acceptable to you and do no discredit to your 
admirable journal. 
I shall probably be able to send you my paper in the course of one or two 
weeks. 
With great regard and the highest consideration I remain Dear Dr Klein 
Yours most truly 
J.J. Sylvester 
Petersen in his treatment of the case n odd first proves the theorem for the 
frequency 4, that is to say shows that every graph of this form is reducible by a 
direct method, and then by a very beautiful method proves from this that it is 
true for any even value of j. I prove by induction that whatever even value j may 
have, the theorem if true for n is also true for n + r where r is any number greater 
than 1; from which it is immediately shown that it must be true for all values of n, 
since it is true for n = 2 and n = 3. 
J.J.S. 
[40] Sylvester to Petersen 
Dear Prof Petersen- 
New College 
16h Ja. 1889 [recte 18901 
I hope you have [had] a pleasant journey and arrived safe and sound in 
Copenhagen and found your family all well there. Now that you have made your 
first acquaintance with this country, I do most sincerely hope that you will repeat 
your visit to me and you may feel assured that your return will be most welcome 
not only to me but to all who have had the pleasure of making your acquaintance 
here during your too brief sojourn. I hope also that Mr. Bing5’ is well and trust 
that he will not fail to let me know whenever he visits England and give me an 
opportunity of making his personal acquaintance. 
I believe I may say with confidence now that I have solved our problem for 
I prove that any polygon in it may be resolved and the original G,,,, made to 
agree in reducibility or irreducibility with a T21r+l where all the lines are single 
and non-polygonal except leaves at the extremities consisting of triangles with 
doubled bases. Here I will make a remark of importance. Irreducibility may be 
regarded as a Composite Conception admitting of various degrees. If in a G2a+l 
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no Chain can be drawn which does not exclude at least i pairs of bonds, I say it 
has the Irreducibility r, and I establish the following theorem. 
If n is even and v is odd, an [irreducible] graph ,G, (order n, frequency V) 
may be constructed in which the frequency is any integer whatever from 0 up to 
the highest integer in 
n-6 
- i.e. from 0 to E 
3v - 5’ 
Believe me, 
Yours most truly 
J.J. Sylvester 
In making the passage from Gzrr+i to the congruent s T2m+1, I fix my attention 
exclusively not on any circuit but on a semi-circuit or chain. 
I Two graphs of like order and frequency and of the same degree of 
Irreducibility may be said to be congruent to one another. 
[41] Sylvester to Petersen 
P.S. to Note of 17h [recte 16’h] Jan- [s.d.] 
The theorem concerning odd-frequency graphs may be stated as follows. 
If i (even) be the given order and f (odd) the give[n] frequency of any graph to 
be constructed, then if I is its irreducibility I must be one, and may be made any 
of the numbers in the series 
J.J.S. 
[42] Sylvester to Klein 
Dear Prof Klein- 
New College 
19h Jan 1890 
As about this time you will be expecting (in virtue of my previous note) to 
receive my paper on Graphs, allow me to state how the matter stands. My 
previous proof for the law of graphs with an odd frequency 1 found labored under 
an imperfection which I have only recently succeeded in removing and in so doing 
discovered a new and more general theorem than that which I thought I had 
established when I wrote you last. 
In any graph with an odd frequency (say Gz,+l) if we can join all the points 
two and two together it is obviously compounded of a G1 and a Gzrr and will be 
resoluble into a Chain and into LY cycles. But if this is not the case, there will be a 
140 G. Sabidussi 
certain number, say 6, pairs of points which cannot be joined together. This 
number 6 I call the di.sjunctivity.58 
Now suppose i (an even number) is the number of points, j the frequency (i.e., 
the number of bonds that are drawn through each point in Gj, where j is odd), 
and write 
i-6 
A = the integer part of - 
3j-5’ 
and form the scale 0, 1,2,3, . . . , il. Then if we suppose that a graph59 iGj i% to be 
constructed (of order i-the number or points-and frequency j) where i and j are 
given, I establish the two following independent theorems 
1” One or more graphs iGj can be found in which 6 (the disjunctivity) is equal 
to any one whatever of the numbers 0, 1,2,3, . . . , A. 
2” No graph iGj can be constructed in which 6 is greater than j2. 
From the second theorem it follows that if j > (i - 1)/3, il will be a proper 
fraction and consequently the dkjunctivity = 0 and the graph must be resoluble so 
that, as I supposed to be true, the frequency in an irreducible graph cannot be 
odd and [crossed out; greater than] so great as 1/3d of the order. 
I believe that the Same method which enables me to establish the laws of 
disjunctivity (theorems 1 and 2) will also enable me to prove that every graph of 
an even degree of frequency is resoluble. But at this moment my University work 
presses upon me-and I must beg you to grant me a little more time, say two or 
three weeks, to write out my investigation in a form sufficiently clear to be suited 
for the Annalen. The introduction of the notion of Disjunctivity is quite a new 
feature in the subject. Petersen has been on a visit to me in Oxford and London 
but left for Copenhagen last Saturday week. He is a very able man indeed. Our 
lines of investigation are absolutely different. 
Believe me with the highest respect 
Yours very truly 
J.J.S. 
[43] Sylvester to Petersen 
New College 
21st January 1890 
My dear Prof. Petersen-I am very glad to learn from your kind note of the Wh 
that you enjoyed your visit to England-the first I hope of many more to come. 
You will not fail I believe in making out your proof for T3. 
I can now confidently state that my own proof is valid. 
I have been most careful in verifying it at each point and in establishing what is 
all important the Reversibility of the processes of substitution which I employ. 
Thus Ex. gr. in a certain case I prove that if G3 is reducible then so also is either 
T or T’ or T”. 
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But this is not enough-and I prove furthermore that if 
Tl is reducible so also is G 
[crossed out: T,] T’ - - - - - - - - - - - - - - - - G 
T”_ _______ ________ G 
and in like manner I proceed in all cases-and thus I prove that by continued 
substitution we may for G substitute some one or other T congruent to G in 
which either the order is reduced or else the number of double-based triangles 
increased-so that eventually we must arrive at a Graph in which there remains 
nought else but double-based triangles connected by single lines not forming 
triangles or other polygons-which establishes my theorem connecting the degree 
of Disjunctivity (alias Irreducibility) say[?] 6 with i the order and j the frequency 
viz that 6 cannot exceed E((i - 6)/(3j - 5)). It also shows that 6 may be made 
equal to any number not exceeding A, i.e. E((i - 6)/(3j - 5)). Is your method 
similar to this? Hammond has most carefully scrutinized by himself and without 
any interference from me, my proof and does not ascertain a scintilla of doubt as 
to its perfect validity. 
The fact that each T cannot be reducible unless G is also reducible is a most 
remarkable one and could not have been anticipated ci priori. It is thus that we 
are able to show not merely that 6 may be made equal to any one of the numbers 
at pleasure 0, 1,2,3, . . . , A but what as you know well is far more difficult, that 6 
cannot exceed A. 
When j = (i - 1)/3 A = 1, when j > (i - 1)/3, A = a proper fraction so that the 
disjunctivity is zero and the graph is reducible. 
Ever yours truly 
J. J. Sylvester 
G is said to be congruent o T if the frequency and disjunctivity are the same for 
both -the order being either the same or different in G and T. 
[44] Petersen to Klein 
[Original in German] 
Dear Colleague, 
Vesterbrogade 84. V. 
26/l 90 
Ever since I became familiar with Hilbert’s treatise I have tried to find the true 
ground-solutions of his diophantine equations; the same was also the case with 
Sylvester and we have corresponded all along on this matter. I succeeded after 
some effort to solve the problem for invariants of even degree; for odd ones I 
found an upper bound for the irreducible expressions but so far have not 
succeeded in determining them all. Sylvester thought twenty times that he had 
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found a proof for the even case, but every time the proof was insufficient. In 
mid-December he wrote that he had definitely finished and that he wished we 
should write a joint paper on the subject, and with this intention invited me to 
Oxford. I followed his invitation but found that his new proof was no better than 
the earlier ones. This repeated itself quite often during the two weeks that we 
spent together, and by the time I left he had made no progress. Now he writes 
that he is sure to have solved not only the even case, but also the far more 
difficult odd one; I presume he will soon send you a ‘paper’ [English in the 
original] on the subject. I have promised him not to publish anything on the 
subject in the immediate future; I saw that he attached great importance to being 
the first, and I shall be glad to let him have the opportunity. However, the thing 
is that from my experience I have doubts as to the correctness of his proof, and I 
should be very reluctant to speak out against him. I am therefore writing to ask 
you in all confidentiality either to have a very close look at his paper yourself or, 
should you be unwilling to do so, to leave the refereeing to me. 
It seems to me, by the way, that there is a connection between this question 
and your own investigations and also those of Dyck. Geometrically, it can be 
represented thus: n (order) points are joined in such a way that g (degree) lines 
meet at each point. If g is even, such a ‘graph’ [English in the original] can 
always be decomposed into graphs of degree 2, as for example in this figure: \\ 1;’ 
\/ 0 ’ & ’ ” \\ /’ / ‘4 
Fig. 7 
For odd g the graph may be irreducible. For g = 3 the problem can also be posed 
as follows: 
Given a closed surface covered with a net consisting of 2n triangles, find a 
condition that by removal of their common edges, the triangles can be pairwise 
united into 4-gons.m 
In this form the problem appears to be function-theoretic or group-theoretic. 1 
have, however, not followed this approach as other approaches seem more 
promising. Strange, that this problem which seems so simple should be so 
difficult. The surface is closed only in the sense that each triangle has three 
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neighbouring triangles, thus: 
Fig. 8 
For g > 2n - 1 or probably for g > n the graph is always reducible.61 
With kind regards to you and all friends in Gottingen, 
Yours truly 
Julius Petersen 
[45] Sylvester to Petersen 
New College 
lSh June 1890 
Dear Professor Petersen-Pardon my long delay in replying to your esteemed 
letter-f last month-I have daily had it before my eyes to answer-but a 
nervous feeling and a sort of Paralysis of the Will has hindered me executing this 
intention. As far as I can understand your letter and give my mind to it (and Mr. 
Hammond thinks so too) that all you say about stars and single lines is included 
in my general theorem in which I introduced the new notion of Disjunctivity and 
which I sent to Klein, to Cayley and I think to yourself. 
Since that last mental effort (about a week or two after you left) the trouble in 
my eyes and certain causes of mental inquietude have incapacitated me for the 
last five months and more for all mathematical work of investigation-and had it 
not been for Mr. Hammond’s aid, I doubt whether I could even have prepared 
the ordinary lectures for my class. I hope gradually to be able to recover my 
mental tone and resume work. 
But as I am at present, it would be in vain for me (and not desirable) that I 
should endeavor to follow your ingeneous but complicated theories of blue and 
red lines. My lectures are now at an end which is the element of mental 
disturbance removed-and I am more reconciled to the grievous trouble with my 
eyes: therefore with the blessing of Providence I hope to be able to resume real 
work before long. 
I thank you for your letter and again apologize to you for my delay in replying 
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to it. I have given Hammond your friendly message and desire to be kindly 
remembered to Mad: and Miss Petersen and remain Dear Dr. Petersen 
Yours very truly 
J.J. Sylvester 
[46] Petersen to Hilbert 
[Original in German] 
Geehrter Hr. College! 
Copenhagen Vesterbrogade 84 
1714 91. V 
I had hoped soon to be able to send you a little memoir which was submitted to 
‘Acta’ a long time ago. 62 However, because of the many prize-winning papers,63 
other papers must wait, and therefore it will be some time yet before mine is 
published. As I believe that my investigations are of particular interest to you, I 
would like to give you a brief report on them. In fact, it was your paper on the 
Invariant Theorem which prompted me to undertake this research. You are using 
Gordan’s theorem on diophantine equation? for the proof that all terms 
of an invariant can be built up multiplicatively from a finite number of similar 
expressions. I then became curious and wanted to know these ground-solutions, 
and this difficult question kept me working for a long time. Sylvester also worked 
many months on it but to my knowledge without result. It turned out that there is 
a remarkable difference according as the degree g is even or odd. In the first case 
the ground-solutions are of degree one or two, and thus are easy to set up. If 
g = 4, it is possible (with one exception) to take two arbitrary linear factors and to 
decompose in such a way that these factors appear either in the same factor of 
degree two or in two different ones. 
For g odd, the situation is much more difficult. There are irreducible 
expressions for any value of g. I show, however, that for g an/3 + 1 the 
expression is always reducible. The simplest irreducible expression occurs for 
n = 10, g = 3 (first found by Sylvester): 
(x1 -%)(x1 --x3)(% -dtx2 -x5)(x2 - x6)(x5 -x6)2 . 
(x3 - x,)(x3 -&ax, - xtd2@‘4 - %xX, - ~1ok - hJ*. 
In trying to determine all ground-solutions for g odd, I limited myself to g = 3 
but I believe that my method is also applicable in general. After months of 
fruitless efforts I finally found a method for constructing all ground-solutions of 
degree 3. I also show that any irreducible ‘graph’ [English in the original] 
(Sylvester’s term) must have at least three leaves. You will understand this 
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geometrical anguage easily by referring to the following picture of the irreducible 
‘graph’ mentioned earlier. 
Fig. 9 
The question now arises, seeing that the ground-solutions for g even are so 
simple, whether it is possible to use these to construct all irreducible invariants. I 
can see already that this will not be easy. 
Give my regards to Prof. Hurwitz. He got ahead of me with his paper in 
“Acta”. About three years ago I proved in one of my courses the theorem that 
one can construct an entire transcendental function with rational coefficients 
which has only one zero, this zero being irrational. Two years ago I communi- 
cated the proof in a letter to Prof. Mittag-Leffler. But Hurwitz has extended the 
theorem more than I did.@ 
Very truly yours 
Julius Petersen 
G. Sabidussi 
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[47] Hilbert to Petersen 
[Original in German] 
Hochgeehrter Herr Professor. 
Konigsberg 25.4.1891 
First of all, my best thanks for your letter which, of course, has been extremely 
interesting to me; all the more so, as I have also given some thought to the 
question of finding out something more about the number of ‘ground-solutions’ of 
the diophantine equations which I have introduced. I fully understand your 
results, and am looking forward with expectation to the appearance of your 
treatise. 
A question which appears to be particularly important is that of an upper 
bound for the number of invariants.‘j7 I think that your investigations may well 
have made it possible to answer this question. Here is what I mean: if the degree 
of a binary form or the degrees of a system of binary forms is given, then one 
should be able to find a number (as a function of these degrees) which is greater 
than the exact number of invariants in a full system of invariants. As far as I 
remember reading in the ‘Jahrbuch fur die Fortschritte der Mathematik’, such a 
bound has already been given by Camille Jordan. Of course it is essential to keep 
this upper bound as low as possible, and it is very likely that by continuing in the 
direction which you have taken, you succeed in finding a smaller bound than the 
one given by Camille Jordan.* For this it is perhaps also useful to call upon the 
methods which I employed in the Mathematische Annalena (‘ijber die Theorie 
der algebraischen Formen’) to prove the general finiteness theorems. In the last 
section there, it is shown that all that matters is to find a number of invariants 
. . 
11, 12, * . * , i, such that any other invariant i can be represented in the form 
2 = aIll + a2i2 + . * - + a,l,, 
where ai, a2, . . . , u, are entire rational functions of the coefficients. Then these 
invariants already form the full system of invariants. 
It is my opinion that the questions about the finiteness of full systems are 
definitely the deepest ones in the whole field of algebra of linear transformations. 
Not only per se, for reasons of principle, but the theorem of the finiteness of the 
invariants immediately provides some insight into the relations of the expressions 
among each other, and the fact of the finiteness in itself allows the exact solution 
of several algebraic questions, for example, the question of the number of 
algebraically independent invariants of which all others are entire algebraic 
functions. The finiteness theorems in my paper ‘ober algebraische Formen’ also 
offer successful starting points for the problem of determining forms with given 
invariants, as I hope to show in future papers. 
One more remark about my little note in the Annalen, ‘ijber algebraische 
Formen’. I did point out there that the finiteness proof is equally valid for 
systems of arbitrarily many binary forms: all one has to do is to set up the 
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corresponding diophantine equations and to repeat the same argument. I then 
have no need to talk about covariants because from my point of view, covariants 
are just a special kind of invariants, namely such invariants among whose 
groundforms there is a linear groundform. Thus in order to see the finiteness of 
the covariants or what amounts to the same, the semi-invariants, it does not take 
a generalisation of my argument-as you seem to believe;69 the finiteness of the 
covariants follows rather as a special case if one adds a linear form to the system 
of groundforms. 
Very truly yours 
David Hilbert 
Kijnigsberg in Pr[eussen]. 
Rhesastr . 10 
* [Footnote in the letter] Liouville’s Journal [ =J. Math. Pures Appl.] (3) V, p. 345, and several 
notes in Comptes rendus. 
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Notes 
Acta Math. 15 (1891), 193-220. In the sequel, this paper will be referred to as [Pl]. 
Jahrb. Fortschritte Math. 33 (1891), 115-117. The reviewer was Franz Meyer, one of the leading 
invariant-theorists of the day. One may speculate that the choice of such a distinguished reviewer 
was not prompted by the importance of Petersen’s paper but because Meyer was preparing a 
comprehensive survey of invariant theory for the Deutsche Mathematiker-Vereinigung, and would 
have to include even the most recent papers. 
D&es Ktinig, Theorie der endlichen und unendfichen Graphen, Teubner, Leipzig 1936; chapter 
11. 
D. Hilbert, uber die Endlichkeit des Invariantensystems fur bit&e Grundformen, Math. Annalen 
33 (1889), 223-226. 
A. Cayley, On the finite number of the covariants of a binary quantic, Math. Annalen 34 (1889), 
319-320. This paper is listed but not reproduced in Cayley’s Collected Mathematical Papers. 
Hilbert’s diophantine system consists of n - 1 homogeneous, linear equations in n(n - 1)/2 
unknowns e,, n being a given positive integer. The e,‘s are exponents and the equations express 
the condition that the polynomial 
P(Xl> . . . I x,) = n (Xi - x,)‘” 
icj 
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has the same degree in each of its variables. Written in symmetric form with n* unknowns the 
system is: 
$i eik = 2, eik 
eij = eji 
e, = 0 
(*I 
i, j, k = 1, . . , , n. 
A convenient way of classifying the nonnegative solutions e = (eij) of (*) (others are of no 
interest) is by their degree, i.e., the constant value of C”,=i eik. 
Hilbert’s proof relies on a theorem of Gordan (Vorfesungen iiber Inuariantentheorie, Bd. I, 
Teubner, Leipzig 1885, p. 199) according to which there is a unique finite set of nonnegative 
solutions e(i), . . , e@) of (*) such that any nonnegative solution is a linear combination of 
e(i) 1 . 1 e*) with nonnegative (integer) coefficients. These are the ‘ground-solutions’ which 
Sylvester and Petersen were trying to determine. 
In his letters to Klein [31], [39], Sylvester denotes eij by (i, j). 
Hilbert, who knew about the wrong proof from a letter which Cayley had written to him, sent 
Klein a very detailed report on Cayley’s paper (2 Feb 1889). Asked by Klein to check Hilbert’s 
report, Gordan replied (13 Feb 1889): “Hilbert’s criticism of Cayley’s paper seems to me fully 
justified; before Cayley comes up with a defence of the mistakes with which he has been 
reproached, his paper is worthless.” 
Cayley to Klein, 22 Feb 1889: “I cannot see there is any doubt as to the proof which I sent 
you-it depends only on the leading coefficient of a covariant being a function of the roots and 
seems to me perfectly general. I shall be much obliged if you will publish it-and of course any 
objection to it can afterwards be published.” 
Zur Theorie der algebraischen Gebilde I, II, Nachr. Kgl. Ges Wi.ssetr.rch. Giittingen 1888 No. 16, 
450-457; 1889 No. 2, 25-34. A third note with the same title appeared in 1889 No. 15, 423-430. 
Written between 15 Jan and 1 Feb 1889. 
C.L.F. Lindemann and A. Hurwitz held professorships in Konigsberg from 1883 till 1893, and 
1884 till 1892, respectively. About their close relationship with Hilbert, see Constance Reid, 
Hilbert, Springer-Verlag, New York 1970. 
Percy A. MacMahon, F.R.S., 1854-1929. Successor of Sylvester at the Royal Artillery School, 
Woolwich, later Deputy Warden of Standards at the Board of Trade. President of the London 
Mathematical Society 1894-96. Author of numerous papers on invariant theory and combinatorics 
in the spirit of Cayley and Sylvester. Best known for his book Combinatory Theory (Cambridge 
1915-16). 
James Hammond, 1850-1930. Not only Sylvester’s ‘secretary’ but a mathematician in his own 
right. Member of Council of the London Mathematical Society 1883-1892. Wrote several papers 
on invariant theory, in part jointly with Sylvester. Introduced the differential operators bearing his 
name. 
Petersen was Inspector for Mathematics and Physics from 1888 till 1900. 
My impression is that in his excitement at having caught Cayley, Petersen misdated this letter, and 
that it was actually written one month earlier, on 20 Sep 1889. 
Assuming the date of October 20 to be correct, the exchange of letters between Petersen and 
Klein would have taken place as follows: 
(1) sometime before September 23, Petersen writes to Klein saying that Cayley’s paper contains a 
mistake. This letter has not been preserved. 
(2) Klein replies on September 23 (letter [5]), asking Petersen to write a rebuttal of Cayley’s proof 
in the form of a note or a letter to the Editor. In actual fact, Petersen does both, namely: 
(3) at the end of September-the exact date is not given-he writes the note “cber die 
Endlichkeit des Formensystems einer bin&en Grundform “* in which he analyses Cayley’s error; 
and 
* Math. Annalen 35 (1890), 110-112; henceforth referred to as [P2]. 
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(4) on October 20-more than three weeks after having received Klein’s request and having 
obliged him by sending the note-he informs Klein again that Cayley made a mistake (letter (41). 
This sequence does not make much sense. Besides, by mid-October Petersen no longer worried 
about Cayley, being already well on his way into graph factorisation. 
[4] is not a Letter to the Editor in the technical sense, although Petersen may have intended to 
give it some weight by using stationary with an official letterhead (the only other extant instance of 
his doing so being the covering letter to Mittag-Leffler for the submission of [Pl] to Acta 
Mathematics). There is no attempt at formal exposition, only a sketch of an example. In his last 
sentence, that he is only sending these remarks in the meantime, Petersen makes it clear that 
there is more to come. 
i6 Petersen actually writes the groundform as 
n 
aox; + -a,x, 
1 
“-lx,+..., 
creating confusion between the variables x,, x2 and the roots xi, x2, . , x, of the equation 
a+” + na,x n-l +...=Q. 
i7 Probably someone had borrowed vol. 33 of the Annalen from the library. Petersen was in a hurry 
to write to Klein and did not want to wait. 
‘s Zur Theorie der Abelschen Funktionen, Nachr. Kgl. Ges. Wissensch. Giittingen 1889 No. 7, 
179-191. 
i9 Sylvester was a member of the club and used to stay there whenever he went to London. 
” No such proof was ever published. In a letter to Hilbert dated 30 Jan 1889, Cayley remarks, “I 
think I see my way to a proof of Theorem I starting with the general case of n variables”. This 
may well be the purported second proof. 
‘i Hieronymus Georg Zeuthen, 1839-1920, was the senior professor of mathematics at the 
University of Copenhagen and a close friend of Petersen. He was widely known as editor of 
‘Zeuthen’s Journal’ (= Tidsskrift for Matematik). Primarily remembered as a historian of 
mathematics. 
z See note 6. 
u F. Mertens, Beweis, dass alle Invarianten und Covarianten eines Systems binlrer Formen game 
Functionen einer endlichen Anzahl von Gebilden dieser Art sind, J. Reine Angew. Math. 100 
(1886), 223-230. 
Sylvester’s guess that Mertens uses the symbolical resolution of the form is wrong. In fact, 
Hilbert’s proof of the Finite Basis Theorem for binary groundforms could be described as a 
tidied-up version of Mertens’s, the chief innovation being a clear recognition of the role played by 
Gordan’s theorem on diophantine equations (see note 6). In Mertens’s paper this is present at 
best implicitly. 
24 The exclamation mark in parentheses is Sylvester’s, 
25 In graph-theoretic language: the number of non-isomorphic, indecomposable, regular graphs on n 
vertices. 
26 The value for n = 4 is 1 rather than 2. The reason is that a regular (multi)graph on 4 vertices is 
either edgeless or can be decomposed into l-factors. See also [Pl] p. 200, $9. 
” In his letter to Sylvester, Petersen seems to have repeated the argument which he uses in the last 
paragraph of [P2] to show how Hilbert’s proof can be extended to include covariants as well as 
invariants. Sylvester’s reply that there is no need for this anticipates Hilbert’s reaction who in his 
review of [P2] (Jahrb. Fortschritte Math. 21 (1889), 104) also takes Petersen to task for 
unnecessarily complicating the argument. The extension is superfluous because covariants can be 
viewed as invariants among whose groundforms there is a linear one. This was a well-known 
elementary fact of which Petersen cannot have been unaware. Hilbert comes back to this point in 
his letter to Petersen of April 1891 [47]. 
za For n = 5 the two types are the pentagon and the graph formed by a triangle and a 2-gon. What is 
meant by the two numbers 12 and 10 is not clear. 
29 What the lemma claims is that under the given conditions on the exponents cu, p, , I (which 
are not what Sylvester intended), the product IZ contains a factor ZI’ = (a - b)d(a - c)@‘(b - 
c)“(a-d)d’...(k-l)L” m which each variable is of degree 2, i.e. 17’ is a product “cycles” of the 
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form (a, b), (a, b, c), (a, b, c, d), etc. AS Sylvester soon realised (181, this statement is incorrect, 
as is the improved version at the end of [lo], where II is assumed to be “Lquirecurrent”, meaning 
that all variables have the same degree. The graph-theoretic form of the lemma is given in [14], 
[W 
What is meant is the number of types of ground-solutions. 
Probably the postcard [3] sent from Gottingen. 
This is [P2]. 
That is, a disconnected graph each of whose components is regular. 
The allusion to a ‘number theoretic formulation’ is strictly Hilbert’s own. Thanking Hilbert for a 
reprint of the third note on invariant theory in the Gottinger Nachrichten, Netto (28 Sep 1889) 
simply says “Your Theorem VI is of great interest to me”, and “I hope that one will be able to do 
many things with your theorem”. 
Theorem VI reads as follows: 
Given a non-terminating sequence of forms F,, F,, Fs, with integral coefficients and of 
arbitrary order in n homogeneous variables x,, , x,, there always exists a number m such that 
any form belonging to that sequence can be expressed as 
F=A,F,+A,F,+.*. + A,F,, 
where A,, A,, . . , A, are suitable integral forms in the same n variables x,, , x,. 
In [47], Hilbert draws Petersen’s attention to the main invariant-theoretical application of this 
theorem. 
Counterexample in the next letter. 
Any 2r-regular graph can be decomposed into rfactors of degree 2. The word ‘ablation’ shows that 
Petersen’s proof proceeds by induction on the degree, contrary to Sylvester’s which uses induction 
on the number of vertices; see [21]. 
The second example does not do the trick. The 2-factor (45264)(1371) contains neither the edge 
[l, 21 nor [5,6]. 
What Sylvester claims to have proved is the following interesting statement: Zf G b a 4-regular 
graph without multiple edges which is the union of two (hamiltonian) cycles, then for any two 
distinct edges e, e’ there is a 2-factor Q of G which contains e but not e’. Using Petersen’s 
technique of constructing 2-factors by taking alternate edges in an eulerian trail one can easily see 
that Sylvester’s claim is true if n, the order of G, is odd but generally false if n is even (a 
counterexample xists already for n = 8). 
Thus, distinct means edge-disjoint. 
Sylvester did not go to Giittingen; see [37]. 
Petersen had overlooked that his argument (taking alternating edges in an eulerian trail) works 
only when the graph has an even number of edges. 
In September 1890, a group of mathematicians attending a meeting of the Deutsche Gesellschaft 
fib Naturforscher und Arzte in Bremen issued a declaration calling for the creation of a Union 
of German Mathematicians. Hilbert is one of the signers of the declaration. 
Of a conjugate pair of edges as a cut, (261. 
Although Sylvester usually employs the word ‘frequency’ in the sense of degree, it here means 
multiplicity of an edge. 
It is erroneous for regular graphs of odd degree but true if the degree is even (see [Pl], p 198, §7). 
It is possible that Petersen did not state clearly what his hypotheses were-as indeed he does not 
always do in [Pl]. 
The last paragraph of the letter is in Sylvester’s own handwriting. 
Compare with the beginning of [24]. 
There is no consensus about the maximum value of the degree of an irreducible graph. The 
following statements are made. Let n be the order of a regular (multi)graph, d its degree. Then G 
is reducible provided: d *n/3 (Sylvester [31], [39]); d > (n - 1)/3 (Sylvester [41], [42], [43]); 
d z (n/3) + 1 (Petersen [46]); d > (n/3) + 1 (Petersen [Pl], p. 208). 
Sylvester left out the solution corresponding to (12345)(67). 
Compare this with the corresponding expression in [19]. 
This is the indecomposable graph of the third figure in [19]. 
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” Although Sylvester unmistakably writes 16 he probably means 10. 
52 The meaning of all this polygamy is: n~erwv more, C(&LWV smaller, less. 
53 In other words, it suffices to consider graphs without multiple edges. 
s4 Letters [31], 1321, 1331. 
s5 Zur Theorie der Abelschen Funktionen, Math. Annalen 36 (1890), l-83 
Se Neither paper was ever submitted. 
” Frederik Moritz Bing, 1839-1912. Director of the Danish State Institute for Life Insurance which 
he had joined in 1871 as actuarial mathematician. Bing and Petersen were close friends since their 
student days at the Copenhagen Polytechnic School. They coauthored two important works in 
mathematical economics. Petersen credits Bing with having simplified the proof of the factorisa- 
tion theorem for graphs of even degree ([Pl], p. 200). 
‘s Recalling that in Sylvester’s terminology chain means matching (see [15]), the disjunctivity of G is 
6 = n - m, where 2n is the order of G, and m the number of edges in a maximum matching of G. 
Sylvester’s conjecture that 6 G (2n - 6)/(3d - 5) is incorrect. Counterexamples are readily 
obtained by generalising Sylvester’s indecomposable graph on 10 vertices (see [19]) to arbitrary 
odd degree. The conjectured inequality is satisfied by such a graph only if d = 3, 5, 7, 9. 
5y Meaning: an irreducible graph. 
6o Petersen repeats this formulation almost verbatim in [Pl], p. 210. It is clear from this that 
Petersen was aware of the relationship between a graph embedded in a surface and its dual. 
‘i Petersen shifts the order from n to 2n. This agrees with Sylvester’s statement in [39] that Petersen 
had shown the non-existence of irreducible graphs of degree exceeding n/2, n being the order. 
6* The paper was submitted to Acta Mathematics in October 1890 (letter from Petersen to 
Mittag-Leffler dated 4 Ott 1890). It appeared exactly one year later. Considering that the author 
was a member of the Editorial Board this was definitely slow. When Petersen wrote to Hilbert the 
printer had not even started on the paper. It was printed between May and the end of August, 
1891. A delay was possibly caused by the preparation of the numerous drawings with coloured 
lines (all assembled on a single page) whose originals, as Petersen says himself, he “did not treat 
very carefully, supposing that the lithographer can best handle them himself.” Some copies of 
Acta were sent out with the page of drawings missing, which made parts of the paper almost 
impossible to understand. 
63 There were only two: by Henri Poincare and Paul Appel. However, between them they took up 
the entire volume 13 (1890) of Acta Mathematics (450 pages), and did indeed create some 
backlog. 
64 See note 6. 
6.5 uber bestanding convergirende Potenzreihen mit rationalen Zahlencoefficienten und vor- 
geschriebenen Nullstellen, Acta Math. 14 (1891), 211-215. 
66 Hurwitz’s theorem reads as follows: If (Y,, LY?, is an finite or infinite sequence of complex 
numbers without cluster point, then there exists an entire function f(z) = Cz=a a,z” with rational 
coefficients which vanishes precisely at a,, uz, . If the sequence (Y,, 1yz, contains the 
complex conjugate of each of its terms, then the coefficients a,, a,, can be chosen as real 
rational numbers. 
Petersen had proved the special case of this theorem where the sequence a; consists of the single 
number e [Letters: Petersen to Mittag-Leffler, 14 and 20 Feb 1888; Mittag-Leffler Institute, 
Stockholm]. 
” Compare with the third paragraph of [17]. 
6x uber die Theorie der algebraischen Formen, Math. Annalen 36 (1890), 473-534. 
m Referring to [P2]. 
